FEW LONG LISTS FOR EDGE CHOOSABILITY 
OF PLANAR CUBIC GRAPHS 



LUIS GODDYN AND ANDREA SPENCER 

Abstract. It is known that every loopless cubic graph is 4-edge choosable. We prove the 
following strengthened result. 

Let G be a planar cubic graph having b cut-edges. There exists a set F of at most |6 
edges of G with the following property. For any function L which assigns to each edge of F 
a set of 4 colours and which assigns to each edge in E{G) — Fa set of 3 colours, the graph 
G has a proper edge colouring where the colour of each edge e belongs to L{e). 



1. Introduction 

We assume here that graphs are finite and loopless. An edge list assignment for a graph 
G is a function L which maps each edge of G a set of colours. An L-edge colouring is a 
proper edge colouring c of G for which c(e) G L(e) for each e G E{G). Let / : E{G) — t- N 
be an edge weighting with positive integers. We say that G is f-edge choosable if G has an 
L-edge colouring for every edge list assignment L satisfying \L{e)\ > /(e) for each e G E{G). 
For A; G N, we say that G is k-edge choosable if G is /-edge choosable for some / satisfying 
max / < k. If, additionally, G has a most s edges e for which /(e) = k, then we say that G 
is s-nearly {k — l)-edge choosable. We consider the problem finding a good upper bound on 
the quantity 

s{G, k) := min{s | G is s-nearly k-edge choosable}. 

The notion of vertex choosability is defined similarly, with reference to vertex colouring. An 
extension [5] of Brooks' theorem to vertex choosability asserts that every simple connected 
graph H with maximum degree A is A- vertex choosable unless i/ is a complete graph or a 
cycle. Applying this to the line-graph of a cubic graph, it follows that every loopless cubic 
graph is 4-edge choosable. However, a typical cubic graph G is s-nearly 3-edge choosable 
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where s is somewhat smaller than the order of G. For example, a cubic graph G satisfies 
s{G,3) = (that is, G is 3-edge choosable) if G is either bipartite [7], or planar and 2- 
connected [6j. The latter result strengthens the 4-colour theorem. If G has a cut-edge, then 
s{G, 3) > since G is not 3-edge colourable. One easily constructs cubic graphs G having b 
cut-edges for which s{G, 3) > 2b. For example, if each connected component of G has exactly 
one cut-edge, then G is /-edge choosable only if each of the 2b leaf-blocks of G contains at 
least one edge e for which /(e) > 4. (This is because no leaf block is 3-edge colourable). In 
this paper we show that planar cubic graphs G satisfy s{G, 3) < 

Theorem 1.1. Let G be a planar cubic graph having b cut-edges. Then G is f-edge choosable 
for some function f : E{G) — )■ {1,2,3,4} that has average value 3, and |/^"'^(4)| < |6. 

2. The Polynomial Method 

Let 61,62, ... ,6^ be the edges of a graph G, and let Xj be an indeterminate associated 
with the edge 6j. The edge monomial of G is the polynomial in M[a:i, . . . , Xm] defined by 

(1) e(G)= n i^^-^jy-''^- 

l<i<j<m 

Here c{i, j) G {0, 1, 2} is the number of vertices incident to both 6j and Cj. Note that e{G) is a 
homogeneous polynomial of degree e{G). Furthermore, e{G) is well defined (up to negation) 
regardless of the edge ordering 61, ... , Cm- Each term in the standard expansion of e{G) takes 
the form a^^x"^ := ni<i<m ^7^^^^ where the exponent function w : E{G) {0, 1, ... } is 
a nonnegative integer weighting of the edges of G. We shall write w + 1 for the function 
6 (— )■ w{e) + 1. The Combinatorial NuUstellensatz [H |2] for edge choosability asserts the 
following. 

Lemma 2.1. Let G be a loopless graph, and let a^x"^ be a nonzero term in the expansion 
of e{G). Then G is f-edge choosable, where f = w -\- 1. 

The polynomial method for proving that G is /-edge choosable typically involves selecting 
an exponent function w satisfying w -\- 1 < f , and showing that 7^ 0. To evaluate a^, 
EUingham and Goddyn [3] provide a combinatorial interpretation of in terms of star 
labellings which we describe below. Let f be a vertex of degree d'm.G. A star labelling at v 
is a bijective function 7r„ from the edges incident with v to the integers {0,l,...,rf— 1}. A 
star labelling of G is a set n = {n^, : v G V{G)} where each 7r„ is a star labelling at v. The 
exponent of a star labelling tt is the edge weighting w = w-,, defined by w{ei) = 7r„(6j)-|-7rt,(6i), 
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for Ci = uv & E{G). The sign, sgn(7r^,), of a star labelling at v is the sign of the permutation 
of {0,1, . . . , d — 1} defined by j i— t- Tiy^ei^), where ej,,, Cj^, . . . , ei^_-^ are the edges incident 
with V, and io < < ■ ■ ■ < id-i- The sign of a star labelling of G is defined by sgn(7r) = 
UveV{G) sgn(^^)- 

Lemma 2.2 ([^). For any loopless graph G we have 

(2) e(G') = ^sgn(7r)x"'-, 

where the sum is taken over the set of star labellings of G. 

The reader should notice that, up to negation, the edge monomial e{G) does not depend 
on the particular ordering ei, 62, • • • , of E{G). A novel feature of this paper is our use of 
several coefficients of e{G) in the polynomial method. If a set of coefficients {a^,- | 1 < i < k} 
has a nonzero sum, then at least one coefficient a^j- is not zero. This gives a multi-term 
version of Lemma 12.11 

Corollary 2.3. Let W = {wi, . . .Wk} be a set of edge weightings for G, and let n(VV) be 

the set of star labellings n of G such that the exponent of n is a member ofW. If the integer 

(3) sgn(7r) 

7ren(>v) 

is not zero, then G is {wi + l)-edge choosable, for some i G {1, 2, . . . , A;}. 

Proof. Let Il{wi) be the set of star labellings of G having exponent Wi. If ([3]) is not zero, 
then '^T,(zn(wi) ^S^i^) 7^ 0, for some i G {1,2, ... k}. By Lemma [2^ this last sum equals 
the coefficient of the term a^-X*"' in the expansion of e(G'), and the result follows from 
Lemma 12.11 □ 

To prove our main result, we will construct an appropriate set W of edge weightings of a 
planar cubic graph G, and show that the signed sum ([3]) is positive. 

3. Weightings and Star labellings of Threads 

A flag of a graph G is a pair {v, e) G V{G) x E{G) whose members are incident in G. 
We may write ve instead of (f,e). It is convenient to regard a star labelling of G to be 
a nonnegative integer function vr : F{G) — )■ {0, 1, . . . , A(G') — 1}, where F{G) is the set 
of flags of G. For m > 0, a thread of order m is the graph obtained from a path 
VqCqViCi . . . CrnVm+i by adding new vertices Wk and new edges fk = v^Wk {1 < k < m). See 
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Figured! In particular the trivial thread Tq is the path vqCqVi. The head of is the flag 
voCq, the tail of Tm is the flag Vm+iGm, and the feet of are the flags Wkfk (X ^ k < m). 
A function vr : F{Tm) {0, 1, 2} is called a prestar labelling of if the restricted function 
7r„j. := vr t{?)fcefc_i,t;fcefc,t)fc/fc} is a star labelling of Vk, for 1 < k < m. The szg'n of a prestar 
labelling tt is deflned to be sgn(7r) = IlfcLi sgn(7r^^), and the exponent of n is the edge 
weighting w where w{e) = 7r(we) + iT{ve) for each e = uv & E{Tm)- A prestar labelling tt 
is 1-footed if ir^Wkfk) = 1, for 1 < A; < m. We say that tt has type if 7r(t'oeo) = i 
and vr(z;m4.iem) = J- We are interested in classifying, according to type, the set of 1-footed 
prestar labellings of Tm which have a prespecifled exponent. 

For each m > we deflne four special edge weightings of Tm, which we denote by w^, 
wii, wo2 and W2o- These are illustrated in Figure [H The weighting W2 is just the constant 
function w{e) = 2. The next three weightings are deflned only for m > 1. The weighting 
Wii is obtained from W2 by transferring one unit of weight from cq to e^n- That is, we have 
«;ii(eo) = 1, wu{em) = 3, and wii{e) = 2 for e G E{Tm) - {eo,em}- The weighting wo2 
is obtained from W2 by transferring one unit of weight from cq to /i. The weighting W20 is 
obtained from W2 by transferring one unit of weight from ei to Cq, and then transferring one 
unit of weight from Ci to fi. 

As shown in Figure (H each special weighting is associated with one or more 1-footed 
prestar labellings of Tm- Each labelling is denoted by either pij, vTjj or tt'-j where (z, j) is its 
type. 

Lemma 3.1. There are three prestar labellings P20, P02 o,nd pn ofTo with exponent W2- For 
m > 1, P20 and po2 '^'^e the only 1-footed prestar labellings of Tm having exponent W2- Let 
m > 1 and let G {(1, 1), (2, 0), (0, 2)}. // (m, i,j) 7^ (1, 0, 2), then TXij is the unique 1- 
footed prestar labelling ofTm having exponent Wij. If{m,i,j) = (1,0,2), then Ti has exactly 
two 1-footed prestar labellings with exponent Wq2, namely 71q2 and n'n. 

Proof. We prove only the statement regarding 1002 since the arguments are easy and me- 
chanical. Let TT be a 1-footed prestar labelling of Tm whose exponent equals W02. Since tt 
is 1-footed, we have n{vifi) = 'Wo2(/i) — '^{wifi) = 3 — 1 = 2, and ii^v^fk) = 2 — 1 = 1, 
for 2 < k < m. Since n^^ is a star labelling we have {7r(fieo), 7r(i'iei)} = {0,1}. In 
case 7r(t;iei) = 0, we have n^vieo) = 1 and 7r(t'oeo) = 1 — 1 = 0. We now apply the facts 
7r(^;fc+iefc) = 2-n{vkek) (A; = 1, 2, ... , m), and {7i{vkek^i),7T{vkek)} = {0, 2} (A; = 2, 3, . . . , m) 
to flnd n{vkek) = and 7r(ffc+iefc) = 2 for k = 1,2, . . . ,m. Thus tt = 7ro2. In case nlviCi) = 1, 
we flnd that 7r(fieo) = 0, 7r(foeo) = 1 — = 1 and 7r(f2ei) = 2—1 = 1. If m > 2, then we 
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Figure 1. The thread T^, four edge weightings W2 and tfjj, and all 1-footed 
prestar labellings, p^j, TTjj and tt^^, whose exponents are one of those weights. 



have contradicted the fact star labelling, since 7r(t;2/2) = 1- Therefore m = 1, and n 

is the exceptional prestar labelling ir[-^^. □ 

Proposition 3.2. For each odd integer m > 1, the prestar labellings of defined above 
satisfy sgn(7r2o) = sgn(7ro2). For m = 1, we have that sgn^n'^-^^) = — sgn(7ro2). For each even 
integer m> 2 we have that sgn(po2) = sgn(p2o)- 

Proof. Consider the embedding of Tm in the plane shown in Figure [H The sign of a star 
labelling at Vk depends only on whether the three labels 0, 1,2 appear in clockwise or an- 
ticlockwise order around v^. When m = 1, the star labelling at vi is clockwise under tt^^, 
and is anticlockwise under no2- Therefore sgn{7r[j) = — sgn(7ro2) for any embedding of Ti. 
Evidently, every vertex Vk {1 < k < m) is anticlockwise under 7r2o, whereas vi is the unique 
anticlockwise vertex under 7ro2. Therefore sgn(7r2o) = sgn(7ro2) provided that m is odd. Each 
vertex Vk is clockwise under po2 and anticlockwise under p2o, so sgn(p2o) = sgn(po2) when m 
is even. □ 

We define two variations of an edge-weighted thread. For m > 1, the closed thread of 
order m is the graph obtained from by identifying the vertices vq and Vm+i- We 
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define the edge weightings W02, W2, and the prestar labellings 7ro2, P20 and po2 exactly as 
they were defined for Tm- The reader will easily verify the following lemma. 

Lemma 3.3. Let m > 1. Then p2o (^i^'d P02 ore the only 1-footed prestar labellings of 
having exponent w^- Furthermore, ttq2 is the unique 1-footed prestar labelling of having 
exponent W02, for which the head and tail (that is, the two flags incident with vq) receive 
different labels. 

An injured thread of order m is any graph that is obtained from Tm by deleting any 
one of its m "feet" vuk, 1 < k < m. The edge weighting vu^-^ of T~ is the restriction of vuu to 
the edge set of T^. A 1-footed prestar labelling of T~ is the restriction of a 1-footed prestar 
labelling of T^ to the fiags in T~. In particular, we define tt^^ = tth Ipi^Tr^y To ease notation, 
we shall write wn instead of wf^, and write ttu instead of Trf^, where no confusion results. 

Lemma 3.4. For m > 1, the prestar labelling tth is the unique 1-footed prestar labelling of 
T^ whose exponent equals Wn. 

4. A Set of Edge Weightings 

In this section, we define a set of edge weightings W of a planar cubic graph, to which 
we will apply Corollary 12. 3[ Let G be a connected loopless cubic graph and let B{G) be the 
set of cut-edges in G. A block of G is any connected component of G — B{G) (this differs 
from the standard definition of "block"). Each block, if, is either a vertex block., a cycle 
block or a proper block, depending on whether if is a single vertex, a cycle or a subdivision 
of 2-connected cubic graph. The block tree of G is the tree obtained by contracting each 
block H to a, single vertex, which we also denote by H where no confusion results. Since G 
is finite, at least one block of G is a proper block. We designate one proper block to be the 
root block Hq of G. Every other block of G is called a nonroot block of G. We define B{Hq) 
to be the set of edges in B{G) which have exactly one end in iio. Every nonroot block H is 
incident to a unique cut-edge, denoted by ch, which lies on the path from H to Hq in the 
block tree of G. For nonroot blocks if, we define B{H) to be the set of edges in B{G) — {e^} 
which have an endpoint in if. For any block H of G, let if"*" be the subgraph of G obtained 
from if by adding all the edges in B{H) and their endpoints. Each subgraph is called 
an extended block of G. The extended blocks of G depend on the choice of ifo. 

The edge sets of the extended blocks of G form a partition of E{G). We further refine the 
extended blocks into pieces that are each isomorphic to one of the threads, Tm, T^ or T~, 
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defined in Section [3J Each extended vertex block is a path of length 2, which we regard to 
be copy of the injured thread Tf . We define the family 

= {H+ \ H isa vertex block of G}. 

Each extended cycle block is isomorphic to a closed thread T^, for some m > 1. We group 
these into two families. 

'^dd — \ H is a. cycle block of G, and = T^, where ni is odd} 
X^ven ~ \ H is a cycle block of G, and = T°^, where m is even}. 

The reader should notice that if = T^, then the length of the cycle H has opposite 
parity to m. 

Each extended proper block i/+ of G decomposes into copies of threads and injured 
threads T~ as follows. By suppressing every vertex of degree 2 in i^f we obtain a 2-connected 
cubic graph homeomorphic to H, which is denoted H and called the derived graph of H. 
Each edge e G E{H) corresponds to a maximal induced path P of positive length in H. By 
adding to P those edges in B{H) (and their endpoints) which are incident to P, we obtain 
a subgraph Tg C which is isomorphic to either a thread T^, m > 0, or injured thread 
T^, m > 1. The edge sets of the subraphs in {Tg | e G E{H)} form a partition of E{H^). 
Summarizing, we have decomposed G into a family T = U 7^'^^ U 7^°cn U {Tg | e G E{G)} 
of copies of threads, injured threads and closed threads where 

G = U{H \ H is a proper block of G}. 

The members of T are called general threads of G, and G is the derived graph of G. An edge 
e G E{G) is a base edge of G if Tg is isomorphic to an injured thread. Thus each connected 
component of G other than Hq contains exactly one base edge. Each T G T has zero or 
more well defined feet, but there are two ways to select which end is the head of T. 

Let G be a connected planar cubic graph where a base block Hq has been selected. Let 
the T and G be the general thread decomposition and reduced graph as defined above. To 
describe a weighting of G it suffices to specify, for each T G T, which end of T is the head, 
and which of the weightings described in Section [3] to assign to T. This specification will 
make reference to a particular perfect matching in the reduced cubic graph G. If M C E{G) 
is a perfect matching in G, then the edge set D = E{G) — M is a 2-f actor of G. We say that 
D is bipartite if every cycle of G — M has even length. Let M C E{G) be a perfect matching 
in G satisfying the following properties. 
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(1) every base edge of G is an edge in M, 

(2) the 2-factor D = E{G) - M is bipartite, 

(3) subject to conditions (1) and (2), M contains the maximum possible number of 
edges e for which the general thread Tg is nontrivial (that is, Tg ^ Tq). 

The matching M exists because every component of G has a proper 3-edge colouring (by 
the Four Colour Theorem), and has at most one base edge. We partition the set of threads 
{Tg I e G E{G)} into five classes ,nfX%%^,^,%'') where 

-M 



V = {T,eT 
%M = {T-eeT 



r 

' even 



={TgGr 
= {Tg G r 



ex G M, Tg = To is trivial}, 
Ct G M, Tg is nontrivial}, 
ct ^ D, and Tg has odd order} 
e-r G T*, and Tg has even order at least 2} 
ct & D, and Tg = Tq is trivial} 



We have defined the following partition of the general threads of G into eight classes. 



(4) r = u r^dd u t:_ u u u rJl, u r^Zn u V". 

By the choice of M, every injured thread in T belongs to T^ f U T^. 

Let D be any fixed cyclic orientation of the 2-factor D = G ~ M. For each general thread 
in (jl]) we arbitrarily designate one of two possible flags to be its head, subject to the following 
condition. 



(5) 



For every T = Tg G Tq^j, the head of T equals the head of e G T*. 



We now refer to the thread weightings defined in Section [31 For every subset S C Tj^^, we 
define ws '■ E{G) — )■ {0, 1,2,3} to be the edge weighting which restricts to every general 
thread T ^ T, as follows. 



(6) 



Ws \E{Ty- 



wu ifTer^iur^ 

W20 if T G 5, 

W02 if TG (r„?d-'5)UT,° 



W2 



Finally, we define the following set of edge weightings of G, 
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Let G be a planar cubic graph. We designate a proper block of G to be the root block of G. 
We define the extended blocks, and (5, M, D and W = {ws '■ S C Tj^^} as in Section HI Let 
be the set of star labellings of G whose exponent is wg, and let 

U = U{Us:ScrJi^}. 

A base flag of G is any flag that is a foot of some general thread in G. Thus every base flag 
takes the form vnen where vh is the unique vertex of degree 2 in some nonroot extended 
block H~^, and en is the unique cut-edge of G which is incident to vh, and is not an edge of 
H+. 

Proposition 5.1. For every star labelling n & U we have tcIvhGh) = 1? for every base flag 
VHen ofG. 

Proof. Let & W he the exponent of tt. Let vhGh be a base flag in G, and let /C be the 
set of blocks K of G for which ch lies on the unique path from K to the root block of G 
in the block tree of G. Let L = [Jj^^j^ . Every vertex in the subgraph L has degree 3 
except for vh, which has degree 2. For every extended block K'^ of G, the average value 
of ws{e) among the edges e G E{K^) equals 2. This is because each of the weightings 
Wii,W2o,Wq2,W2 has average value 2 in the definition of ws- Since {E{K^) : K G /C} is a 
partition of E[L), the average value of ^^^(e) among the edges of L equals 2. Therefore the 
average value of n{ve) among the flags in F{L) equals 1. On the other hand, each vertex 
of L is incident to three flags in F{L) U {vne-H} and contributes + 1 + 2 = 3 to the value 
of TT^VHe-n) + '■ ^ -^(-^)}- Thus the average value of ni^ve) among the flags in 

F{L) U {vnen} equals 1, and n^vuen) = 1- □ 

Corollary 5.2. Let S C T^^. Then every star labelling tt G H^, satisfies the following. 

(1) For every T G T^f U we have tt \f(t)= t^u- 

(2) For every T E S, we have n \f{T)= 7I"20- 

(3) For every T G T^^^ - S, we have n IpiT)^ 

(4) For every T G 7^°e„, we have n \f{T)= 7ro2- 

(5) For every T G Tj^^„ U T°^^, we have tt \f{t)^ {po2, P2o}- 

(6) For every T G U T^f , we have % \FiT)^ {po2, P20, Pii}- 

Proof. For any general thread T G T, the restriction tt \f{t) is 1-footed, by Proposition 15.11 
Now all the statements except @ follow immediately from the definition of ws and the three 
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lemmas in Section El For the statement (jl]), we observe that the head and tail of a circular 
thread in must receive distinct labels in any star labelling of G, and the claim follows from 
Lemma 13.31 □ 

For every star labelling tt of G, we define a a corresponding star labelling 7f of (5 called the 
derived star labelling. Informally, vf is the restriction of tt to the heads and the tails of the 
general threads of G. More precisely, for each e G E{G), let T = Tg be the corresponding 
general thread of G. Let u and v be the endpoints of e that correspond to the head and 
tail of T, respectively. The restriction n \f{t) corresponds a 1-footed prestar labelling of a 
thread or injured thread having type for some G {(1, 1), (2, 0), (0, 2)}. We define 

7f('ue) = i and Tf{ve) = j. 

Let TT G n. By the definition of W, the exponent of vf is the constant function w = 2, 
w : E{G) —7- {2}. Let M^r be the set of edges e = uv E E{G) such that T({ue) = Tf{ve) = 1. 
Let = E{G) — and let D^^ be the orientation of D^^ where, for e = uv & D^^ we 
have 7r{ue) = and 7T{ve) = 2. Then M^^ is a perfect matching of G, and is an oriented 
2-factor of G. The correspondence between the star labellings of G with exponent 2 and the 
pairs (M', D') where D' is an oriented 2-factor of G is bijective. 

The following will help us later deal with the exceptional star labelling 7r[^ that arises in 
part (J3]) of Corollary O 

Lemma 5.3. Let S C T^^^ and let n G Hg- Let D^^ be the 2-factor of G as defined above. 
If G has a general thread T G T for which n \f{T)= '^u, then some connected component of 
Dj^ is an odd cycle in G. 

Proof. Let T be as in the statement. By Corollary 15.21 we necessarily have T G 7^^^ — S 
Let T-^i be the set of general threads in T*^ U T'^ which are nontrivial and receive a type 
(1, 1) prestar labelling under tt. By part ([T]) of Corollary 15. 2^ we have C T^^. By the 
hypothesis, we also have T G T-^i \ T^f so \T-^i\ > \T>f\. If the 2-factor of G were 
bipartite, then the perfect matching would contradict our choice of M. Therefore some 
component of is an odd cycle of G. □ 

Let (M, D) be the perfect matching in G and the orientation of the complementary 2- 
factor used in the definition of the set of weightings W. Let 7r° be the unique star labelling 
of G satisfying 

• G n0, 

• M^o = M, 
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• every closed thread T G 7^^^ receives the labelhng po2, as in ^ of Corollary 15.21 
The star labelling vr'^ is called the reference star labelling of G. Accordingly, the reduced star 
labelling vr" is called the reference star labelling of G. These star labellings will be used for 
sign computations. It convenient to assume that sgn(7r°) = sgn (tt^) = 1. 



Let IIo be the set of star labellings vr G 11 for which is a bipartate 2-factor of G. In 
particular, 7r° G IIq because D^^o = D is bipartite. The following was proved by EUingham 
and Goddyn [3]. 

Lemma 5.4. Let n be a star labelling of a planar cubic graph G with exponent w = 2. If 
is bipartite, then sgn(7f) = 1. 

Corollary 5.5. Let vr G Hq. Then sgn(7r) = (—1)*, where t is the number of threads T G 
for which n \f{t)= t^'u- 

Proof. We have sgn(7r) = sgn(7f) ■ Yl { sgn (tt \f{t)) \ T eT}. The set of prestar labellings 
of r G T whose exponents are determined by a weighting in W are restricted according to 
statements (1) to (6) of Corollary 15.21 By Proposition 13.21 both prestar labellings listed in 
statement (jS]) have the same sign, whereas the two labellings in statement have opposite 
sign. In statements ([1]), ([2]) and (j4]), the prestar labelling is fixed, and in the sign is 1 
since the threads there are trivial. By Lemma EH sgn(7f) = 1 for tt G IIq. The result follows 
from the facts that t = for tt = 7r°, and that sgn(7r'') = 1. □ 

Let Hi = 11 — IIq. We now define a particular function / which maps each member of Hi to 
another star labelling of G. We fix an arbitrary total ordering of the set of odd cycles in G. 
For TT G Hi, let C be the first odd cycle which is a component of G[Dt^]. Every general thread 
T G {Tg I e G D^,} has type (0,2) or type (2,0), so we have tt \f{t)^ {7r2o, 7ro2, P20, P02}, and 
one of the cases ([2]), ([3D, dS]) or (jS]) of Corollary 15.21 applies to T. (We used the fact 
has type (1, 1).) Let /(vr) be the star labelling in Hi obtained from vr as follows. For every 
e G E{G) we do the following. If T = Tg is trivial, then we interchange the labels and 2 
on its two flags. Otherwise, we relabel the flags of T in a way that interchanges either the 
prestar labellings 7r2o and tcq2 (if T G 7^^*^)' ^r the prestar labellings P20 and po2 (if T G T^^n)- 
More precisely, for {i,j} = {0,2}, if tt \f{t)= ^ij, then /(vr) \f(t)= T^jh and if tt \f{t)= Pij, 
then /(tt) \f{t)= Pji- 

Proposition 5.6. The map f is a fixed-point free involution / : Hi — > Hi which satisfies 
sgn(/(7r)) = -sgn(7r). 
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Proof. Let n E Hi and let Wg be the exponent of tt. Then the exponent of /(tt) is the 
weighting ws' G W where S' is the symmetric difference of S and {e G i?(C) | Tg G T^dd}- 
Therefore we have /(tt) G Hi. Clearly /(tt) 7^ tt and /(/(tt)) = tt so / is a fixed-point free 
involution on Hi. For v G V{C), the star labellings vr^ and f{'n')v differ by the transposition 
(02), whereas ir^ = f{Ti)v for every v G V{G)—V{C). Since C has odd length, the derived star 
labellings therefore satisfy sgn(/(7r)) = — sgn(7f). The result now follows from Corollaries 15.51 
and [321 □ 

We note that the oriented 2-factor Df(TT) is obtained from l)^ by reversing all the arcs in 
the odd cycle C. 



6. The Main Theorem 

Proof of Theorem Let the set of edge weights W be defined as in Section m and let 
n = Ho U Hi be the star labellings of G with exponent in W, as defined in Section [51 Let 
TT G Hq. Then D.^ is a bipartite 2-factor of G. Applying Lemma 15.31 we conclude that 
no general thread T satisfies tt \f{t)= ^'u- It follows from Corollary 15.51 that sgn(7r) = 1 
for every n G Hq. We have that 11 7^ 0, since 11 contains the reference star labelling 7r°. 
Therefore J^weno ^S^i^) > 0- have by Proposition 15.61 that J^weni sgii(^) = 0. Thus we 
have shown that Ylneu ^S^i'^) > 0- 

Applying Corollary 12.31 we have that G is {w + l)-edge choosable for some w = wg G W. 
We are interested in the upper bound s{G,3) < \w^^{3)\. Suppose G has b cut-edges. For 
any general thread T E T, let 



m{T) 



m if T = Tm 
m + 1 if T = 

3 if r = and i/ is a vertex block of G. 



Let (i, j) G {(1, 1), (2,0), (0,2)}. Define Tij = {T eT \w |"_E(r)= ^ij}, let Uij = \Tij\, and let 
rriij = Yli^C^) I ^ ^ 'TIj}- Since every thread in Tij has positive length we have niij > Uij. 
Let e be a cut-edge of G. There are exactly two general threads T, T' G Tn U 7o2 U 72o such 
that e joins a vertex of degree > 2 in T to a vertex of degree > 2 in T'. Therefore each 
cut-edge e contributes exactly twice to the quantity rrin + + m2o, so 



(7) 



nn + no2 + ^20 < "^ii + "^■02 + "^-20 = 26. 
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Furthermore, at least one of the two contributions of e goes toward niu, because the thread 
in {T,T'} that hes farther from the root block Hq is always a member of Tii. Therefore 
mil > + 17120- 

By examining Figure [T] we find that 

(8) |i«"^(3)| = nil + no2 + 2n2o- 

By comparing ([7]) and ([H]), we deduce that s{G, 3) < 2nii + 2no2 + 2n2o ^ 46. To obtain the 
claimed upper bound of |6, we must argue more carefully. 

Let w' be the edge weighting of G obtained from w = ws by interchanging the head and 
tail of every thread T G Tj^^ (see ([5]) in Section Hj), and then swapping the roles of "5" 
and "(To^d — iS)" in the definition ([6]) of wg. More precisely, the weightings w and w' are 
identical, except that for every thread T G Tj^^, exactly one of the restricted weightings in 
{w \e(t), w' \e{t)} coincides with 1^02, and the other coincides with W20 after exchanging the 
head and tail of T. Then the coefficients of x"^ and x"^' in e{G) are equal in absolute value. 
This is because there is a natural bijection from the star labellings of G with exponent w to 
those with exponent w'. In the bijection, each star labelling vr with exponent w maps to the 
unique star labelling vr' with exponent w' which is identical on all flags outside of any thread 
in Tq^j, and for which the reduced star labellings of G satisfy n = n'. 

We now compute s{G,3) < mm{\w-\3)\,\{w')-\3)\) < |(|w;-i(3)| + |(w;')"^(3)|). The 
analogue of ([8]) is that |(ty')^^(3)| = nu + 2^02 + ^20- We sum these two equations. 

2s{G, 3) < 2nii + 3r2o2 + 3^20 < 4fe + (^02 + ?^2o)• 

We apply the inequality just before ([8]). 

2(^02 + n2o) < 2(mo2 + "220) < mu + mo2 + "^-20 = 26. 

So 2s{G, 3) < 5b. That is to say, that one of the two functions, f = w + 1 or f = w' + 1, 
satisfles the statement of Theorem II. 1[ □ 

7. Comments 

Our use of the weightings W2 in the deflnition ([6]) of ws was included as a mild attempt to 
minimize the number of edges of G receiving weight 3. In particular, extended cycle blocks 
of even length, (open) threads of even order, and edges in trivial threads do not require 
lists of length 4. By inspecting the above inequalities, it is apparent that the upper bound 
■5(^,3) < |6 can be improved if many threads of G have length > 1, or if G has a proper 
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3-edge colouring in which most of the edges coming from nontrivial threads have the same 
colour. It would be very interesting to improve the bounds 2b < s(planar cubic, 3) < |&, 
where s(planar cubic, 3) = sup{ 3) | G is planar and cubic}. Similar questions can be 
asked regarding regular planar graphs of higher degree. 
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